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D-Dimensional g-Harmonic Oscillator and
d-Dimension ¢g-Hydrogen Atom

Su Ka-Lin' and Liu An-ling?
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A g-analogue of the D-dimensional harmonic oscillator is presented. A new
realization of the quantum algebra SU,(1,1) - via the D-dimensional g-harmonic
oscillator is found. A model of the d-dimensional g-hydrogen atom is constructed
by means of the D-dimensional g-harmonic oscillator. The dimension D of the
g-harmonic oscillator and the dimension d of the g-hydrogen atom are arbitrary.

In recent years, the g-analogue of the one-dimensional harmonic oscilla-
tor has been studied by several authors [1-3]. Realizations of the quantum
algebra SU,(1,1) via the one-dimensional g-harmonic oscillator were sug-
gested by Chaichian ez al. [4, 5]. A model of the three-dimensional ¢g-hydrogen
atom has been constructed by Kibler and Negadi [6] and others [7, §]. In
this paper, we will present the g-analogue of the D-dimensional harmonic
oscillator, find a new realization of the quantum algebra SU,(1,1) via the D-
dimensional g-harmonic oscillator, and construct a model of the D-dimen-
sional g-hydrogen atom by means of the D-dimensional g-harmonic oscillator.
The dimension D of the g-harmonic oscillator and the dimension d of the ¢-
hydrogen atom are arbitrary.

1. THE ¢-ANALOGUE OF THE D-DIMENSIONAL HARMONIC
OSCILLATOR

The annihilation and creation operators of the D-dimensional g-harmonic
oscillator a4 and a;’a (o =1,2,3,..., D) can be defined as
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; 1
No+ 1 ao No+ 1 @

{Na"’_l}l/z + +{Na+1}1/2
aqa = aa, = aa

where aq and aq are the annihilation and creation operators of the D-dimen-
sional harmonic oscillator, Ny = aq aq, and [x] = (¢ — ¢ /(¢ — ¢~ "). These
operators satisfy the following relations:

a;“aqo‘ = [Nol, aqaa;—fl = [No + 1], aqaa;—a - C]a;aaqa = q_Na (2)
(g0, agp] = [aga, agg] = [Na, Np] = 0 (3)
whereo = 1,2,3,...,Dand B =1, 2, 3, ..., D. The Hamiltonian H; of

the D-dimensional g-harmonic oscillator can be defined as

Hy=1 ; (audgo + aguai) = ; ((Ne] + [N + 1) (4)

where we have assumed A® = 1; the eigenequation of Hj is

Hyni, na, ..., noy, ..., npy = Egnjn, na, ..., R, .. ., AD) (5
where Ejy is the energy eigenvalue of Hj, and ‘nl, na, ..., Na, ..., Npy 1S
the corresponding eigenvector. Because

Na‘nl, n,...,Ha ..., Np) = na‘nl, n2,...,MNo ..., HD) (6)
we have

[Na]‘nl, Ny, ..., Ngy ..., Hp) = [na]‘nl, Ny, ..., Hay ..., HD) (7

Equation (5) becomes

Hynm, n2, ... ng, ..., np)

D
{ QZ; Nl na+1]?n1,n2,...,n,...,n0> (8)

N =

Then we have

1 D
=" 2 (na] + [na + 1) )

Equation (9) is the energy spectrum formula of the D-dimensional g-har-
monic oscillator.
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2. THE D-DIMENSIONAL ¢g-HARMONIC OSCILLATOR
REALIZATION OF THE QUANTUM ALGEBRA SU(1,1)

We use the annihilation and creation operators aq and ago (00 = 1, 2,
3, ..., D) of the D-dimensional g-harmonic oscillator to construct the
operators Ki, K5, and K3.

,_ 1<
K| = " ; [(@go)2 + @l
Ki = 4;;wmz o] (10)

K = 1 E (aqa g0 t aga aqa)

Then we define K4 and K- by K4+ = Ki = iKj; it is easy to show that the
operators K, K-, and Kj satisfy the following commutation relations:

(K3, K¥] = £K 4, (K4, K1) = — [2K3] (11)

These are the familiar commutation relations of the quantum algebra
SU, (1,1). This indicates that we have realized the quantum algebra SU,(1,1)
via the D-dimensional ¢g-harmonic oscillator.

3. MODEL OF THE d-DIMENSIONAL ¢-HYDROGEN ATOM

In order to construct a model of the d-dimensional g¢-hydrogen atom,
first we find the relationship between the d-dimensional hydrogen atom and
the D-dimensional harmonic oscillator [9, 10]. We use xi, X2, X3, . . ., Xz tO
express the d-dimensional hydrogen atom coordinate space and construct the
operators K, K>, and K3 for the space [11]:

_1 _.d—l S D
K = 5 (rA + 1), K =i + Z X o | K; 5 rA —r)
(12)

where A = =, 0%/0x;0x; and r = (2= x)"2. Tt is easy to show that the
operators satisfy the following commutation relations:

(K1, K] = —iK, (K>, K3] = Ky, (K3, Ki] = iK; (13)

These relations show that the operators Ki, K>, and K3 constitute the SU(1,1)
algebra. We write the Hamilitonian of the d-dimensional hydrogen atom as
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_ 1, 1
H=—7A=" (14)

where we have assumed 2 = @ = e = 1. Using Eq. (12), we can reduce
Eq. (14) to

(Ki + K3)H = _é (Ki — K3) — 1 (15)

The eigenequation of the Hanmiltonian H and eigenvalue can be written as

8,9, 12, 13]
Hld, ny = E
1 1

SR TR "

(16)

where E, is the energy eigenvalue of the Hamiltonian H, and
corresponding eigenvector. From Eqgs. (15) and (16), we obtain

{_(gm)m+(§_En)m_1pd,n>:o a9

Defining the function 6, by

cosh 6, = 124 , sinh 6, = LAk (19)
NEYS L sk,
and using the relation satisfied by the elements of the SU(1,1) algebra
e KO g oK% = Ko cosh O, +K; sinh 6, (20)
we can be rewrite Eq, (18), as
{Kg ——7_17”}"“92 : 1)

This is an eigenequation of the operator K3. Thus, we have transformed the
eigenequation of the Hamiltonian of the d-dimensional hydrogen atom into
an eigenequation of the operator K.
We use the annihilation and creation operators aq and aq (o = 1, 2, 3
, D) of the D-dimensional harmonic oscillator to realize the SU(1,1)
algebra given in ref. 14. The results are

D
QZ; (aa) + aa

. D
; [(ag)® — dd] (22)

-|>I>—‘

4>I~
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|2
Ks =Z QZ; (agaa + aaa&’)

obviously Ki, K>, and Kj satisfy Eq. (13). In other words, Ki, K>, and K3
constitute the SU(1,1) algebra. The Hamiltonian H' of the D-dimensional
harmonic osccillator is

go=x QZ (adaq + agad) (23)

where we have assumed wh = 1. The eigenequation and the eigenvalue of
the operator H' can be written as

H’nl,nz,...,na,...,np>=E}v‘m,nz,...,na,..-,nD) (24)

=N+ D12 (25)

where E'y is the energy eigenvalue of the operator H', |ny, na, . . ., Hq, -
nD> is the corresponding elgenvector and N is the elgeanlue of the operator
20=1ag, N =ni + nma + --- + np. Comparing Eq. (22) with Eq. (23), we
can rewrite Eq. (24) as

1
K3‘n1,n2,...,na,...,n0> =5E}v‘n1,n2,...,na,...,nD> (26)

This also is an eigenequation of the operator K3. Comparing Eq. (21) with
Eq. (26), one can find relations

Ny, ...,Ngy ..., Hp) 27
2
Ey = (28)
(E})?
D n
D="T_"+1 =—+1 2
St on=2 29)

where

. D
_+ +\2
PPN (Cey

Equations (27)—(29) are relate the d-dimensional hydrogen atom and
the D-dimensional harmonic oscillator. From Egs. (27)-(29) and (9), we find
the energy spectrum of the d-dimensional ¢g-hydrogen atom
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2 8
Ezn,n nyeeenp = - 30
s = ke (el + e+ 1P OO
where D = 2(d — 1), N=2(n — 1) = n + np + -+~ + np, and the
corresponding eigenvector is

= e_iKéeqn

n19n29---9n(15---9nD> (31)

where

. D
l
= Z ; (aq(x) aq(x

The function 6y, is defined by

1 — 2E(n . 1 — 2Ezn
—= sinh 0, = — —F—— (32)

cosh 0,, = =
! \?—8Eq,, —8E,,

The d-dimensional g-hydrogen atom energy spectrum (30) shows that the d-
dimensional g-hydrogen atom has the same ground energy level as the ordi-
nary d-dimensional hydrogen atom; the excited energy levels (n > 2) of the
d-dimensional g-hydrogen atom are split. For example, when n = 2, d = 3,
we have

8 2

Epag = ——————  Epiw = ——=—— (33
42,2000 ([2] + [3] + 3)2 q2,1100 ([2] + 2)2 ( )
and when n = 3, d = 3, we have
1 2
Egnn = — T3, e ——
g3,1111 22] + 1)2 43,2200 (2] + 3] + 1)2
Eoo— 8 Fo = 8
a3 (3] + [4] + [2] + 3)* a2 (2] + [3] + 3)
1
Epdon = — 4
43,4000 (4] + [35] + 3)2 (34)

Equations (30) and (31) show that we have constructed a model of the d-
dimensional ¢-hydrogen atom; when d = 3, Eq. (30) is just Gora’s result [7]
when ¢ — 1, the results (30) and (31) become the classical case [see (27)
and (28)]. Therefore, our work is consistent.
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